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Electric Current due to a Moving Charge in One-dimensional System :
Field, Energy and Force
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(Received February 21, 1986)

The fundamental formula for current due to a moving point charge between two conductors
was proposed in 1932 by Engel and Steenbeck (E:S) in their famous book. In 1976, Brignell
and Evison (B:E) asserted that E-S’s method was erroneous since a change in potential energy
(PE) was not taken into account in their energy-balance equation. The present authors
analyzed such a one-dimensional moving-charge system (a moving charged conductor plate or
a moving volume charge layer between parallel plate electrodes), a generalized one of B-E’s.
As a result, the following subjects have become clear. 1. Work done or kinetic energy (KE)
consumption consists of the apparent KE due to applied field and a latent KE. 2. The latent

KE and a PE increase are cancelled out each other.

exact solution as expected.
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Fig. 1 A moving point charge between 2 conductors
(For the explanation of the theory by Engel-
Steenbeck).
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Fig. 2 Charged conductor plate (a) and space charge layer (b) between parallel plate

electrodes.
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Table 5 Electrical force on the charged conductor (thickness, a) between parallel plate electrodes.

$1l-region (Left side of the conductor)
y=n+ta

Region
(side of the
conductor)

#2-region (Right side of the conductor)
y=n

Electro- —
static| fi=wo1
pressure

- -—
fe=—fo=—w2

e
Fi=f1S
Force (side)

l—a -

2 2
:l{eoEa2+"—-<—”~—> }S+Euo-<—L
2 &0 a

4——« —
Fo=— f2§

2 — 2 —y) —
=_-1_{50E12+ L(l_”_“) }S+Ew.<l_u>g
2 €0 l—a [—a

e e e 4
F=Fi+Fe=Fp+F'

- i 7
—Ea05+( 250 >{ 2( l”‘a

Force
(resultant)

)—1}5

- R ( 7 >_} 1
_an+2 Ca{z [—a 1 l—a

Notice : Fp=Eq0S=qFEqa
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Table 6 Electrical force, dF(y) on an elementarily thin space-charge layer, dR and F on the whole
spacecharge layer, R between parallel plate electrodes.

Electrostatic pressure on elemen- - — — - -
tary layer, dR Afy) =fy+dy) + () =Fly+dy) —f(y) =we(y+dy) —we(y) =

— (pa) 1—B+n/a) +oytdy

Electrostatic force on elementary d?(y) =S-d(17(y)

layer, dR _ ot

~5:[ B4ty =y—ati=p) dy
Electrostatic force on space o (pa) ( 1N_ =, ¢ f2pta 1
charge layer R F= S dr ) =qE+S = (A= 2>_qE‘ 25{ ] l}l

Notice : Fr=(Sap)E=qFE

27 —KITEDHEEERCEGS dy-Z (de-T5H) MO =3 A FZEAL
Table 7 Variation of energy in dy-displacement (during d¢-time) for moving charged conductor between
parallel plate electrodes.

PE-increace in dy-displacement dWe= 6?:% drg Ve GWP dy=d Wit d W

“C“U-‘”d”z Cza{, (lz—ﬂa) }TI [at ('E“>

v E LR

KE-comsumption in dy-movement dWK:Fdn
an - 1o m )
an.d?’] + 2 { l a 1 l—a

Energy necessary .‘for.dv-dlsp‘lacement AWa=d We+d W= (Ca dU )Udt+an. 7
of the conductor in time, d¢

= qv
—{ca Uy 22 Ay

=8 —RICEHEHBHRCETS dy-ZERH (de-Tefpy) @ =H A F%(k
Table 8 Variation of energy in dy-displacement (during d¢-time) for moving space-charge layer between
parallel plate electrodes. '

PE-increase in dy-displacement AWr=d Witd Wi= BWP dr 2 W 9WP dy
ey 2y 1 _a ﬁﬂ A
~cu-47-arr 5L {1 22 } -

KE-consumption in dy-movement dexzd(F(y) “dy
of dR I
‘ =|:PE'——€0—{y—n—a(1——ﬂ)}:|ded7y

KE-consumption in dy-movement

o dWx S LW dr;& S[pE———{y p—a (- ﬁ)}]a@:?dﬂ
2

= s_lea)? (1 a)\_ 1 1 g, 2p+al1]
”d”[P“SE < {2(1 z) Z}S} [‘ZE 2 é{l I }z}d”

Energy necessary for dy-displace- qu—-dWP+dWK
au

ment of the volume charge, R in
’ . U AU 44 qFd {C~—- } dt
time, d¢ ar raban=\C g v
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5.3 —RILEFHBEFRROEFHTRILF
—RIERCENTERN & d7 le A EE LD D
oD {5 (work done) - 7nio B E) = & U+ (kinetic
energy, KE LWgid) HES,
AWx=Fdy (11)

B, FhFRE2@)F 0O LET B X0 8 iz
IhTwb.

TIEREMERT) Fu LT F' L0 20D bE
5> TNAHDRKIE LT ERO KE M4y, dWk b %
KDL D 2B BED LD EERING.

AdWx=dWr+dwW' (12)
I
q
L @0 B
dWe=Frdn=
qU
TW] X 20 D%E
L) e
C — —a ODOH
AW = Fdp— 2 e\ l—a l—a &)
1 ¢* [(2)+4a L dn B2 ()
2 C l [ OY%E

WES F' w2 KE WD W' 2B iEmE
F= k¥ (latent kinetic energy, IKE LUgiD) 1H%E
HrILTEELLD.
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I=q(E/Uyv a”n
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TH5H. Lo 2K (1a7), (1b) 2ROV RALH
RIIMNR2CEBOBRAE —HK LT, BEIER
HEMEC R TR RChH - CTERRRHATHLS. *
ez E-S MoOMERELWERELZELI DL WS T
EMTES.
6.2 —RITEEFRRICKTZ PE #yoé 1IKE ¥
- BHOHE
4.2 i CRD IR dt, 2L d7 WS PE 884,

AWp=dWi+dW, L8 5.3 Hi T\ 2250 d7 DD
O KE {##5y, dWxk=dWe+dW' L% HBL TR %
L, RDZ bbb
dW,+dW'=0 13)

Licais T

AWp+dWx=dW;+dWg (14)
o 2 EBBEHHE 2 (0)D X 5 7 EAE ORI
HLTh, 20D X 5 nEME OB LT
Bt .

6.3 —RTEFHERRCH L PE 5L KE HES
ERYANLCZRLENT L RAEEOER
@2@l5k~mm@%§ﬁ%LﬁL,BE@%@b
72X b7 PE $47 50% KE %% (KE % &1
O KE) ) Ahlc=3 ¥ v ARMEZEETH

¥, KRBT 5.

dWu=dWp+dWx (15)
or

dWu=dWi+dWEg (16)
B (15) (XA O K (14 O BT & » TR (16) i ¥
ZERBHENTHS. BN ERC R

- ‘Udt : [ 2@0Eea
Uldt= 17)
. dU qv
C—— Udt+——-Udt : R 20) DG4
dt l
il bic
dU v
cadt+li DR 2 OB
I= (18)
dU v
C———+JL— [ 2 () D

RO BN (18) OELE L FILBEEHF v v 7O
THF ¢ AV F VAT HFREBH (FBCEEERIR
LRI b LCw3) %, E2ENEHBENER (B
OHERHC X AFHEBER) ¥R LT5%. E-SOEERL
WIS 2 ICE TR RA B LT\ d TF 1T R
sy ofk.

. H & N &

?ﬁﬁ TGN BB & L < 1 Z2MER B R
TRBEETH—RITETRERRE LN 2178 -
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1) FPIWHEBMOSEHBEOBRE (FlxBRBE

D) w#EH. SWTER=AVFHE w, FWHEET

LZBR=FAFWERD (1, £28R).

2) WNCEMAREC EEICHEA D S C [

T, ThbbHMEBRFE (v FiE) CHEORE v

TEET5HE0RMEE J%, EMNBHREE /o, HE
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B (HEEE) WE Jx b U RKRER (CMER
B) B Jo TRk, MR Lin LERO M
MR T A T ERTER L (K1, £2 (KB
wohkE X [EOWTHEANE2) 2.

3) FECALIEERR [ IHESFEOEECER
b D THBH D, FOERESEEED sz
\». —7Jj, Engel-Steenbeck WD =R VF AT vAR
s bk b B I 0FRb, ZOMERD [ L
—JHLirote (6.1 M),

4) zo E-S OFECHL, Brignell-Evison® {348
5o yr=iAF (PE) #EHRUKERY OFETDHS
L¥EL, PE %A Ul & BT BRE™ iR LI
oI b BE OMnEIHBRFORRL IbEE
ZIWERD THDH T BB LRI ot ((F42).

5) [PE m#EEicAhiz\ E-S DFENIL T P2
IR LV it b e b o ? | & OB E 2 % ORK
WEDERETHS. FOk»c B-E ORMDHF-7Hh
%%%—%mLtﬁzoiék%%%%kL,%ﬁmﬁ
35 NF 3 X0 L b BUNERL 47 NE KBS
PEH=x1¥ (KE) dWk, XbitoiMo PE Y
AWp KD THI: (E3 ~82HK).

6) WECEFLHEOBGRN, b, PE Hy dWe O
5BEEO d-TEIC X BEY W, EYEED] Flic X
% KE oRg dW' 2 EBL, R PE 2#F2A
hicws E-S offtik (EREROBA) £OEET, EL
VBRI BRI LI T ENRFE LTI 0T,

TR ARIRD X 5 B o WEN T OB 5
RS SRS O Beve B RO BN FRIC & CHRRT S T
L oW A BEEERTHD. ThIC X > TERDE
DAL B D 0 B BN A AR TRE S S
L R ER  SB & ke B, Elfliie s
WCESEBEAOA + v E IOHELA P L RE
ORI BT EOER & By 0L\ IRHEAND
HELIFEIRS X OB,
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1 FAERSENOFSHEEHHEEHOERC
L BER

KT 2 ()0 Ay AiZEEEAT S R GEZ2 (¥
ST Rk, BERE e) THoTodd, AEMTELD
Moy 4R RHER e=cter (¢* (LILFER) OBEMA
ThHHGHEOMNTEEDD.

— KRR T 20T A D5 (Gauss’ theorem) 7>
5 4R’ Tk, BREE D' (—RTRTHH2 b yEIY
OLTHY, D LET) ©OWTHEAHERD IL2.

dD,’
div D'=———=p (A. 1)
dy
D,/)=py+K' (A.2)
$1, $2 P ESAERIRRVD D,
Di=const. Dz=const. (A. 3)*s

#7841, tR' OBER y=7+a BIU 4R, $2 OHEF
y=1 I ES BT Ui 2 DEREEILE
Gehnh. Wik (A2, (A3 KE-T

Di=p-+a)+K', De=p1+K' (A.H*
EmEoBMEUILE L LhTwaabkANHESh
5.

D
2 y=U (A.5)
=0

D,
dy+
€

D1 pta

P n—a) +§

€0 7
roR X hERmE K AHEL EHELTHSD LIk
mxhn, K pEELsE, & (A2), (A4 Xbh D
Dy, Dy 2% D, ThEGEUT o', Jby, Jo; ARD

b, JEKk, [E10HEENRDLRD.

2 3 BOBHEFEAOLR
F3E 2 3 ATES 3 B b L AT PR B AR I o B

% ¥R’ (FEM) OBHLAND IR (HZE) oBFE TR
81, $2 OWEWEL R 5 © T, KKz bk D, DY
DY HCEBAEOFERETHHD, EEEELTVS.

R ebA, BROE L Ei=Di/e, Ep'=Dpo'/e, Ez=
Difeo © X DEARBEHE /8B, hitwHEThIL, B
R T aEAMIWEMC LS.
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HE1 FHRPREEMOGHFEENR L L OBEEK L2 BA S L OER
Table Al Current due to moving dielectrics with true volume charge between parallel plate electrodes.
Region
Quantity 81 ¥R’ #1
[=y=9+al [7+a=y=7] [7=y=0]
Volume charge density 0 0 0
Electric flux density Di=p-(p+a)+ K’ De'=py+K' De=pp+K'
Electric field intensity Ei1=D1/eo0 Eo'=D0'/e Ee=Dz/e0
= K _r K _ P X
T eo (r+a)+ 0 T e ¥+ T e 7t 0
Dlsp¥acement current Tpi= d D1 w T = dDop o Tpz= dD2 o
density dy dy dy
=n(57) == (1-57) ~of i)
=0 T = v Iz =p Iz
Convection current _ _
density Jo1=0 ov Jo2=0
Total current density J=JD+Jc:p'u~Z‘f—
Total current I=qu/l’

Notice : lI'=[—a’, a’:a(l—-

K'=¢

dK’

a
=—pl 1=
dn p( 4 )

a

&
7o (0
2 AN

e
)]

HE2 THPREENZEDTS (ERAS X OCHEEN) GONEGER I OHFEEARE X% 3EDEM
Table A2 Currents of 3 kinds due to volume charge layer (in vacuum and in dielectrics) and charged
plate conductor moving in parallel plate electrodes.

(I:{}j;l;iggf moving Volume charge in space Volume charge of dielectrics Eg;gicciocrharge on
Region #1 R # IR’ g2 | # 4B §2
Displacement a a a v av
Displacement 1 o0 2 | 6w {21} o0 & | G0 f | 6o (-1} | 00 |75, 0 o
Convection 0 0 0 0 0
current density v ov
Conduction Jr=lim rEp
current density 0 0 0 o 0
T l—-a
Total (pa)v (pa)v v
current density J= 7 J 7 J= —a
Total current =-22 [:ﬂ =92
l l l—a
Equivalent , _
electrode distance Z l [~a

o GRBE 13 &k ) O BB R A, BB
B IOMN IR LCESFEGAEENEO 3BT L2
BRERLLRER LD Ths, BRIETNT I=
qu/L DR THEHLIND. LR\ ol E S E i

LRI NELDT, ThEh (—a | B L0 I'=l—
a(l—eo/e) &ic%.
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HE3 PPREEEOED FHEERC X 2 B

#1145 (1987)

Table A3 Electric current due to moving plane charge between parallel plate electrodes.

. #1 Y $2
Region (between C and Y) (on Y) (between Y and A)
Range =y>n y=n ’ 7>y=0
Field intensity Ei=FE+ :) —zf discontinuous Ez*E—:%--(l—%)
Va=Vi(y) =Val(yp)
Potential Vi(y)=Ei(l~y) Ve(y) =U—Ezy

(D8N0

Current density

v
J= l

Current

3 FHFREEHEOEHTEEFC L ZER

ME203BOEHEMCR L, REM ¢ x—ECHR
BEXakEr (LkRoC, ZHEROSE, HEE
o BAERK) LR, EFRREE o(=q¢/5) O#
BEEERCRET. FoBE0BA, Bk X &R
1, AXOEL~4BIOHNEL, 20RKHIOHEEL
TEBCRD RS, LTOHBRERNARI THB.

B-E® 13, 0k 5kekb Ml —RLEHEMAY
P g L L5,

£+ 4 Brignell and Evison Ofigi%*8
BE M=iAFr A7 v ARE LTRARL T 5D

#8 B.E (3{l0REH D DHEE T B IR © PIoeE
CHDH. FODHEHEHERCEELT Pz
B'E DWhHAFYARLH-TIR), BELELTEETNE
hk 2) Thed, Xk 4) RFALTWE. bHHATLO
3HER D RBIAL TR,

KRTHDH (RBIAREOLOLELTHS).
Uldi=qE") dn+ (—qE@)dn) +Uqdn/l (A.6)
T it il s
work done by ¢ ‘

PE lost by ¢
PE gained by bound charge

ZORDOHIIRD X 5 iRANIRRY B HS.

i) BS—EE (single layer) DL 5 y=7 Tk
BRI THEETH- T, TOBHOBR EW) ERT
B LFTE. D EM) B#EL TS,

ii) B-E p=iaA¥.35 v 2Rk (A 6) KH\WTED
BRSNS dt I h s =2 FThBEnb, A
D PF 3N % L ARETH LD B EL TR
BEoTnbh. Lk PERBEPOS (B2 ¥
fklbos BE3HE) IRHFEEHELTEDIARTOS.
BRCE1ELBF SO 2L DD EM) 28
WMEIh, BRI & LTRELVWER (F%3) Abic
LEINBT LS.




