U IRTHTHHI

B 3

ORI I

wEEEecE, 11, 3 (1987) 192-203

HEhzEMboEEBERICI 5 BER

= RO &N R OTOR R, B

(1986 4£ 10 7§ 1 HAZHL)

Current Due to a Moving Charge in Free Space
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(Received October 1, 1986)

Electric current density J and current I due to each of spherical volume, spherical surface
and spheroidal volume charges moving in free space with arbitrarily specified velocity v have
been analyzed. J and I due to a moving point charge are also calculated as a limit of these

charges when their size becomes zero keeping the electric quantity ¢ to be constant.

Then

an elementary length dl of conducting wire flowing I equivalent to the moving point charge

qu can be concretely estimated.
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(@) Spherical volume charge, (b) Spherical-shell volume charge, (c) Spherical surface
charge, (d) Point charge, (e) Prolate spheroidal volume charge, (f) Oblate spheroidal
volume charge
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Fig. 1 Axially symmetrical charges studied in this paper.
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0(0,0) : Origin of co-ordinate system.

Q(0, z9) : “Quellenpunkt” (source point) at any time, ¢.

Q'(0, z0+0z0) : “Quellenpunkt” (source point) at time, ¢+ dt.

P(s,2) : “Aufpunkt” (point under consideration)

Py(0, 2z) : Arbitrary point on z-axis

S{s, z} : “Aufkreis”(circle under consideration—centre, Py;
radius, s=DgP
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Fig. 2 Co-ordinate system under consideration.
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#*2 (displacement current), Jo=2aD/8t X TH%.

D EE A BV 5 BRERL (electric displace-
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Table 1 Current due to a spherical-shape charge (spherical volume, spherical-shell volume, spherical surface)

moving in free space—outside the sphere.
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(a) Gauss OEIEHZIGALEREC D %#L.

(b) B 70\ BT Crk Laplace FEK BRHOD
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Quantity Outside sphere R>a
Space charge density 0
Electric potential V' ‘4350 le
Electric field E L <
Electric flux density, z-component Dz —4%-[——%%:1—~ 47:%2 cos O
Electric flux density, s-component Ds —fﬁ——if;— 47qu2 sin @
Displacement current density, z-component Jpz —‘14% —}%7{—1+3<z;:° )2} = 47‘;’1’%3 {_1+3 cos? @}
Displacement current density, s-component JDs % —R}?{B(% (z;{zo)}_ yyE {3 sin O cos 6}
Convection current density, z-component Jcz 0
Total current density, z-component Jz Joz = { <z zo) }
Total current density, s-component Js Jps = T R3{ s(z zo) }
Total current density J (J2+ T2 2= R3 {1+3(2 zo) }1/2
Directional angle of stream line (of current) « tan—! *?-Z:tan‘ —l-gg_l(_is(f%o)-z tan™ %

Current through Aufkreis S{s,z}, I{s, 2}

ﬁﬂ@f
2R\R

2 BEEELONK D CBIRBE (electric flux density), Lictt o CEMABHROK D CERER (fux current) & Hiv 3,
*3OEREME D XS
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Table 2 Current due to spherical volume charge and spherical-shell volume charge moving in free space—

in the bodies.

Quantity Inside spherical volume R<a

Inside spherical-shell volume ai<R<a

Volume 4o -1
charge p=g¢- [——*- a ] uniform density

4 -1 . .
p=gq+| —— ad-g(a/ao) uniform density

density 3 3

O O et i B F C o o

E ﬁR: 41:30:12 (%) Sio Reg(R/a)

D: g@—m=4;A%%ﬂ> £ (e—20)-g (R/an)

R St

Jos —%=— 4ZZZ —%-Q(R/ao)—pv (%)s(%y

Jez =%%753—) ov

T T e E(E)) |
S Lol P N
“ 0 tan”t 2R5-!—-—jo£;f}.3;(—zb’—(io—)-zo) 2

I{s,z} % ov (ws?) =%—Z(§)Z % ov (xs2) +g (R, ao) =%—(§>2.%((§/T‘$)_

Notice : g(u)=1—%"3, hence

g(a/ap)=1—(ao/a)3, g(R/ap)=1~(ao/R)3

Spherical volume charge is, naturally, a special case of spherical-shell volume charge where ag=0, g(a/ap)=1 and ¢(R/

ap)=1. Spherical surface charge can be treated as a limiting case when go—a. Refer to A3 (Appendix).
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Table 3 Current due to a spherical surface charge

WERAEAR H1E F3H 1980

moving in free space—on the spherical surface.

Quantity

On spherical surface R=a

Surface charge density

v

E

D:

D:s

Displacement surface current density, z-component,
Koz

Displacement surface current density, s-component,
Kps

Convection surface current density, z-component,
Kecz

Total surface current density, z-component, Kz
Total surface current density, s-component, Ks
Total surface current density, K

Directional angle of stream line, «

Current through Aufkreis S on the spherical surface,
I

o=gl4na?]t Uniform density

oa __ 4
e 4dmeoa

- ( 5 [a/ao, §—0 : Outer surface
)
4

€0 0 , 6—d4:Inner surface
z—~z0< 5 [a(z—zo) /a, 8—0: Outer surface
g 1—~>=~
a 4 0 , 6—4 : Inner surface
s( 5 \:as/a, 5—0 : Outer surface
o= 1———>= -
a 4 0 , 8—d4:Inner surface

av

o)
(2

S\__9gv (S
lm(a)_ 4na2<a

tan~! <~— g >:9-—l
2—20

2
2 2
K- 2ns=2mov 2 —-ﬂ(%)

X3 A E?Fﬂ@@?%%ﬁfﬁ@%ﬁﬂﬁﬁmi BEWAA

Fig. 3 Distribution of electric current due to a
moving spherical volume charge of uniform
density in free space.
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(b)  ag/a = 0.500 (e)  ao/a = 0.700

(@) ao/a = 0.900 (e)  ay/a = 0.950 (6} ap/a = 0.977

@ f=0, spherical volume, (b) f=0.500, (c) f=0.700, (d) [=0.900, (e) f=0.950,
() £=0.977, @ f£=0.990.

In Fig.4, all the current distributions inside spherical-shell volume are
written with use of the same p for understanding easily stream-line(current)
distribution in case of f<l1. On the other hand, all those distributions
outside spherical shell are the same distribution as that in (@) /=0, sphere
for every p of constant 4.

4 B BRZEHR O R R ER O MBI X B A
Fig. 4 Distribution of electric current due to a moving spherical-shell
volume charge of uniform density in free space.

— o

(8)  ao/a = 0.990
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Fig. 5 Distribution of surface current on the sphere
due to a moving spherical surface charge
of uniform density in free space.
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Fig. 6 Distribution of electric current due to a
moving point charge in free space.
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Fig. 7 Current I{s,z0} through circle S{s,zo}.
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(0) b=a, f=1:3% X 1)
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B] Tk CERMEHRA Ll 3ERSER v L SHTH
5. Fiobb Idl=qv] & ShT\w5%.
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Table 4 Current due to a spheroidal volume charge moving in free space—in the body.

Volume charge density

Electric potential V'

Electric flux density, z-component

Electric flux density, s-component
Displacement current density, z-component
Displacement current density, s-component
Convection current density, 2z-component
Total current density, z-component

Total current density, s-component

Total current density

Current through Aufkreis S{s, z}

T
pﬁq[snab]

V=Vo—A(z—z0)2— Bs?
Dz=2e0A (z— z0)
Ds=2¢e0Bs

Jpz=—2e0Av = (pv) (— Fp)
Jps=0
Joz=pv
J2=(pv) F
Js=0

J=J:= (pv) I

F=1-Fp

=Jnst= Ei&é.(iy
I{s,z} =J +nst= (pv) a F's Y 2F 3

Notice :

(1) Electric volume charge distributes in spheroid whose centre is ©(0,z¢). This spheroid is revolu-
tionarily symmetrical to z-axis. Therefore, s-component of convection current density, Jgs=0.
(2) Coeflicients A, B and Vy are as follows.

A= ab? Sm du _ ab? gm du
™ “o (a24u)3/2.(b2+u)” ~ deg “o (a2+u)l/2.(b24u)2
Vo= ab? Sw du
P P o e PN LRI
ah (= du
Fp= =5
® Fo=—y So @i =Yl
1 VYV ar—p2
1
ab? 1 {V“L¢zt“m « ||
= x| =~
2-p2 732
ar=b “ 1 tan™1 Vbi—a? s b=a,
Vhe_g2 a

f2 1
_{ 1-f2 <—1+1/1—f2

fz(—H—i~mwMT:ﬂ

tanh™1 VI—f2 >, } wf<l
TS Viz—1

w1
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Fig. 8 Factor F' for spheroidal charge expressed as a function of ratio of

radii, f=b/a.
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%5 EDAERN (qu) EMLERHER (Id) DAKE

ETHHMD, Fxbhie o ERETAMEL LTI
BNOLOBBALC Licih. KRR

fho@iE LT, »HEOBHTFHMELEE LR
BT A BHER RDAINE KRER TS, T
e LTiE, zicifoTHRokdo (WFE1) & siib
C o THotcd D (HF2) #BF Tk, ZOf
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s, TR S ON RO EN E ORE T
BHBOHENL bhBIEE D, TibbiiHEOFE

Table 5 A concretely specified feature of current element (Idl) equivalent to a moving point charge (qv).

Original shape of Spherical
moving charge (spherical volume, spherical ) Spheroidal
Quantity surface, spherical-shell volume

Maximum current, Imax

Minimum line element corresponding
to Imax, dlmin

Ia,z =12 lmmh%%(%ﬁ

2
_2_
2a 2a-<3F>

%6 EBAEN (qv) EEMiRERRN (dD)—fE
Table 6 A concretely specified feature of current element (Idl) equivalent to
a moving point charge (qv)—supplementary.

Original shape of moving charge
Quantity

Spheroidal volume charge

Average value of current

Line element corresponding to the
above-mentioned average current

qv_
I oz F
gqv F_
Iz @

dl 2a(%>

dlz 2a< 22,2 )
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Fig. 9 Current element Id! equivalent to a moving
charge qu.
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1) W. Shockley : J. Appl. Phys., 9 (1938) 635

2) S. Ramo : Proc. I.LR.E., 27 (1939) 584

3) A.v. Engel and M. Steenbeck : Elektrische
Gasentladungen, Vol. 1, pp. 1, 144, Julius Springer,

Table Al Current field (J) in comparison with electrostatic field (D) and magnetostatic field (B).

Original source

Field Quantity Rotational ~ Outside sphere Inside sphere of feld
co
Blectrostatic ggggftf;f flux  div D=0 D=Di=wE  D=Do+Dr=ciE+P P:umfp-azo
;
oo
Magnetostatic  Magnetic flux  giy B=0  B=Bo=wl  B=Bot+Bu=pH+M M—tim 820
0
. T
5&‘;’?;;‘: feld ?égg%gf 7 div J=0 J=Jp %1?) J=Jp+ Jc=%1“t)*+pv pv=lim p(}l?' -5lzo)
0

Notice : (1) D for electrostatic field and D for electric-current field are not identical but different notwithstanding the

same symbol.

(2) Such a relation among 3 fields in this table is applicable not only to spherical shape but also to more general

shape, e.g. spheroidal shape.

(3) The original source of field is P (permanent electr

ic polarization) for electrostatic field, M (permanent mag-

netic polarization or magnetization) for magnetostatic field and pV for electric-current field.
4) p in electric-current field is always finite and determinate. On the contrary, p in electrostatic field becomes
infinite together with dz¢ becoming infinitesimal; corresponding to the latter, (1/4¢)—>c0 and dzo—>0 with finite

v=1im(dz0/6¢) in the former.
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WEAEARE HI1% 3% (1987)

(1)

+ o €h) €ih)
Do=eE(=—(1/)P) Dp=(P) D=cE+P(=2/3)P)
Bo=poH(=—(1/3)0) }+{B1\1=(M)}={B:/AOH+M(=(2/3)M)

Jp=dD/di(=—1/Bpev)) Jc=(ov) J=Jp+Jc(=(2/3)pv)
Parentheses ( ) mean the quantities inside spherical

volume.
MR 1 BREESHOE (PEEE P) L AHEREL
” AR EOE CREEE M) ©X BEER &R
HEBER CEE v, FHEEEp) X HEHRS T

& DI

Fig. A1 Comparison of current field, J due to a
moving spherical volume charge (velocity
v and uniform density p) with electro-
static field, D due to a spherical volume
polarization (uniform density P) and
magnetostatic field, B due to a spherical
volume magnetization (uniform density

M).

(11)

(iii)

—w

-
_—

- Position
Figure z s Region
number

$1 a<|z—zol

$2 ao<|z—z0l<a a<s ?ﬁ'}fg?fal-sheu
§3 |z—z0l<ao

: ' : ap<ls<a %I%%i%igal-shell
¥ c Vst (z—20)% <ao In hole

HE 2 EBERREICT 58« 0EREM
Fig. A2 Various kinds of «Aufkreis” (Circle under consideration) through
which currents flow.
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7 %

Al, BER, BERLICERRAOHLEK
HEIBIOAR I L-C, 2hb3BOROHE
A B SRS, Zh ORI Th b RFERO
(48R (rotational field) | TH%5. TihbbRDOIHE
(F R SR L T
div D=0, div B=0, div J=0
A2, BROFE
WIREROEIC X 5B I{s, 2} OFHRELTO
EEPRRTE L. —BEBROBROBHCITELEN
SOMBEHMAR2RT X 5K, Ao #1, $2, 43,
BRSO fa, $b, ZEREEHD fc O 6ELDH D,
1{s,z}zzzz{s,z}::jsj;ds (A-2)
FhERE Y R LW 52, EROBARRIL
KO XHEEINS.
quv s?
2 R
IHs,z}=y qv sz ¢(R/av)
T'_RS;. g (a/ao)
0 S AAERBRZEIR (Be)

(A-1)

S 23RS (81, 42, 43)

S HAERBAEA (Ba, $D)
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g (x/a0) =1— (ao/x)? (A-3)
A3. HEEFOBRE LTOHEEHOER (K2,
3 B
BREEMINRBMOXEMN ¢ 2 Z0F F/EL (a—
a0)—0 DOIERE LT 5. alkle DFEFEHRD
o0, ERND 2EY

4= e

a a

&R, BERCEE O RE g (a/a), BIEL g(R/m) €
DAL

<lﬂﬂ”=1_n4,(lﬁﬂ"—lliﬁf—i—n<dwm

; 0<K6<<4  (A-4)

a R ) (=&
g(a/ay =1— (1—4)2=34, g(R/as)=3(4—0)
g(Rja) | &
g (a/an) 4

1.-:6=0, (R—a) ERRAEIUOERE L
_ DRI
0--6=4, (R—ao) BBRENAUORR L L
CORPITH

(A-5)
B
. i 4
Ef:zlo {p-(a—an} Mle{(ﬁf/S) nad- g (a/ao) ad }
0—>00
q
~ama (A6

oK (A5 (A-B)ICL-TE2OHENDEIDHE
Bz bha. ok 3 OHEEREE KicowTl,

K=Lim{J- (a—a0)} (A7)
DL RBREYEL B ERL, EI3ERHE .




